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Abstract. This paper presents Stieltjes-type integration for operator-valued 
functions with respect to spectral families. The relation between Riemann- 
Stieltjes integrals associated with some classes of spectral families including, 
in particular, those that arise in the context of the Stone representation the- 
orem for Banach spaces is established. The developed approach is applied 
to the structural analysis of the operators commuting with a one-parameter 
representation satisfying the Generalized Stone theorem. 



1. Introduction 

In the present paper, we develop Stieltjes integration theory for operator-valued 
functions defined on R and attaining values in the set C{X) of linear bounded op- 
erators on a Banach space X with respect to a projection-valued spectral family 
concentrated on a interval (finite or infinite) in M. Motivated by the Stone repre- 
sentation theorem for Banach spaces (the statement is given in Section 2 below), 
we study the relation between Riemann-Stieltjes integrals of operator-valued func- 
tions with respect to a spectral family £i{-) concentrated on [0, 27r] and the ones of 
periodic extensions of these functions with respect to the spectral family £{■) given 

by 

[A]-l 

(1.1) S[\)x = ^ Pnx + P[A]'?i(27rA - 27r[A])2:, for x e X, A e M. 

Tl — — CX2 

Here {Pn}^_oo ^ sequence of bounded "orthogonal" projections on the Banach 
space X, that is, Pm-^n — for m ^ n, satisfying 

oo oo 

(1.2) a; = ^ P-„a; + ^ P„a;, for a; e X, t e K. 

■11 = 1 ji=0 

We remark that for a suitable one-parameter representation t ^ i?4 on a Banach 
space X, the spectral family of the form (1.1) naturally arises in the context of the 
Generalized Stone theorem (cf. [2]). In this case, fi(-) is the spectral family of i?i 
(cf. Section 2), the spectral family £(•) is associated with t Rt via 

Rtx = lim / e'*'d£{s)x, for xeX, teR, 
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and {Pn}^=-oo is a spectral sequence (cf. Section 2) ol the periodic representation 
t i?te~'*^% with iAi the logarithm of Ri such that the spectrum of Ai is 
contained in [0,27r] and 27r not an eigenvalue of Ai (cf. [2], Propositions 3.10, 3.11 
and 3.15). 

Our main results, Theorem 4.1 and Theorem 4.2, state that an operator-valued 
fimction is (right) Sticltjes-integrable with respect to £i(-) if and only if its periodic 
extension is (right) Sticltjes-integrable with respect to £{■), with the corresponding 
integrals differing by a constant summand. 

In the framework of the developed approach, we analyze the structure of the 
centralizer of a strongly continuous representation t ^ Ri (that is, the bounded 
operators commuting with {i?t}tGK) satisfying the Generalized Stone theorem. 
Specifically, viewing an operator V in the centralizer oi t ^ Rt as an integral 
/[o 2-k] ^iW'^^iW of some operator- valued function $i, in Corollary 4.3 we obtain 
a new integral representation for V, 

(1.3) Vx = lim / <^{X)d£{\)x, for x e X. 

Here the operators <1>(A), A £ (n, n 4- 1], reduce P„X, with {P„}^_^ the spec- 
tral sequence associated with the periodic representation mentioned above. For a 
periodic representation or a representation with £i(0) = 0, a further reduction of 
the ranges of the integrand is possible. Precisely, we show in Corollary 4.4 that if 
the restriction of $i(-) onto a subspace Y oi X admits the series decomposition 
^i(A)|r = s- Yl'^=-oo i'nWPnW , with <pn, n gZ, the scalar- valued functions, then 
the restriction of V onto Y can be represented as an integral in (1.3), with x gY 
and $(A) the scalar- valued function. 

In Section 2, the necessary background on the Stone representation theorem for 
a Banach space is sketched and some notation is fixed. In Section 3, we introduce 
Stieltjes integrals of operator- valued functions with respect to spectral families. In 
Section 4, the principal section of this paper, we prove our main results. 

2. Preliminaries and notation 

In this section we fix some notation and recall the statement of the Generalized 
Stone representation theorem following [2]. 

Throughout what follows X denotes a Banach space, C{X) the set of linear 
bounded operators on X. The series ^'^^_ao^n will always be understood as 
the sum of the convergent series J2^=i^-n and X)^o^"- Given a family A of 
operators in C{X), the symbol C{A) will denote the centralizer of A. that is, the 
set of all linear bounded operators on X commuting with each element of A. In 
the sequel, the shortcuts C(i?) and C{£) will be used to denote the centralizer of 
a representation t ^ Rt (the centralizer of the family {Rt}t^'K) and the one of a 
spectral family £{■) (the centralizer of {£{t)}teK)j respectively. 

Definition 2.1. A projection- valued function f : R ^{X) is said to be a spectral 
family in X if the following conditions are satisfied: 

(1) sup;,gR||f(A)|| < oo; 

(2) £{\)£{ji) = £{ji)£{\) = £(min{A,/i}), for A, /i G M; 

(3) £{■) is right continuous on R in the strong operator topology; 

(4) £{■) has a left-hand limit in the strong operator topology; 
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(5) ^(A) (resp., £{X) I) in the strong operator topology as A ^ — oo 
(resp., A — > +oo). 

To state the Generahzed Stone theorem we will need the following definition. 

Definition 2.2. An operator U € ^{X) is said to be a trigonometrically well- 
bounded if there exists a (unique) spectral family of projections £{■), the spectral 
decomposition of U, concentrated on [0, 27r] such that 

(2.1) Ux = £{0)x + I e''d£{s)x, for x G X. 

J[0,2n] 

(The symbol r after the integral sign means that the integral is considered as the 
right Sticltjes integral.) 

It will be convenient to use the following integral representation of a trigonomet- 
rically well-bounded operator U: 

(2.2) Ux = £{0)x + I e^''"'d£{s)x, with £{s) = £{2tts), s G [0, 1]. 

J[0,1] 

The integral in (2.2) can be obtained from the integral in (2.1) by an appropriate 

change of variables ([2], Lemma 4.3). 

Theorem 2.3 (The Generalized Stone Theorem ([2], Theorem 4.20)). Let {Rt}tm 
he a strongly continuous one-parameter group of trigonometrically well-hounded op- 
erators acting on a Banach space X. For each t G R, let £t{-) he the spectral 
decomposition of Rt, and suppose that 

sup \\£t{s)\\ < 00. 

(t,s)eMx [0,27r] 

Then 

(1) there is a unique spectral family £{■) in X {called the Stone-type spectral 
family of t ^ Rt) such that 

Rtx = lim / e'*^d£{s)x, for x € X, t € M. 

<'^°°J[-a,a.] 

(2) The domain ^{A) of the infinitesimal generator A of t ^ Rt equals 

{x G X : lim / sd£{s)x exists}, 

and 

Ax = i lim / sd£{s)x, forxE'D{A), 

J [—a,a\ 

where the integrals are understood as Stieltjes integrals. 

(3) The centralizers of{Rt}te«. md (s)}sgK are equal to C{£x) fl C'({-Pra}J^-oo) • 

In case of a periodic representation, the Generalized Stone theorem provides a 
decomposition of the space X into disjoint subspaces. 

Theorem 2.4 ([2], Corollary 4.46). Let {Rt}t£'R and A he as in the hypotheses of 

Theorem 2.3 and suppose further that Ri = Id. Then 

(1) there is a unique sequence of projections {Pn}'^=-oo — ^{X) such that 
(a) PmPn = for m ^ n, 



4 



ANNA SKRIPKA 



(b) for each t G K, i?t = X]^-oo series converging in the 

strong operator topology. 

(2) The Stone-type spectral family £[■) of the group {Rt}teR is determined by 

f(A) = ELI-oc Pn for all A G M. 

(3) V{A) = {x & X : E^-cx) '"'PnX converges}, and Ax = 2m E^-oo nPnX; 
in particular, for each n e Z, 

PnX = {x& V{A) : Ax = 2mnx}. 

(4) The spectrum of A is pure point and equals {2iTin : n S Z and Pn ^ 0}. 

(5) {Rt}teSL o,rid {P„}nez have the same centralizers. 

Remark 2.5. The spectral family £{■) of a representation t ^ Rt referred to in 
Theorem 2.3 is explicitly determined (see proof of Theorem 4.20 in [2]) by the spec- 
tral family £i{-) and the spectral sequence {Pn]^=-oo associated with the periodic 
representation t — > Rte~^*^^ via Theorem 2.4. Here iAi is the logarithm of i?i with 
the spectrum of Ai contained in [0, 27r] and 27r not in the point spectrum of Ai. 
The relationship between £{■), £i{-) and {Pn}^^-oo reflected in the formula 

[A]-l 

£{X)x= P„a; + P[A]^i(27rA-27r[A])a;, forxeX, AeM. 

n= — oo 

3. Generalized Stieltjes integrals 

In this section, we develop Riemann-Stieltjes integration theory for operator- 
valued functions with respect to spectral families which naturally extends the 
Riemann-Stieltjes integration for scalar- valued functions (see, e.g., [5]). The in- 
tegration of this sort in case of spectral families being spectral measures on Hilbert 
spaces was introduced earlier (cf. [1] and references therein), but it does not serve 
to our purposes since in general spectral families on Banach spaces do not give rise 
to measures countably additive in the strong sense (see, e.g., [2]). 

We start with definitions of the integrals of operator-valued functions over seg- 
ments in R. 

Let Uj be the family of partitions of J, a compact interval in R. If u = {wfelfeLo 
and V = {vj}"^^, then m > w if each interval of the form [uk-i,Uk] is contained in 
some interval of the form [vj-i,Vj]. 

Let M{u) be the family of finite sequences of the form u* = {u^}^^ such that 

Uk-i <u*f.<Uk, 1 < k <m 

for each u in Uj. 

A pair u = {u,u*) with ?i in Uj and u* in M{u) is called a marked partition of 
J. We write ttj for the family of marked partitions of J and we define the preoder 
> of TTJ by setting {u, u*) > {v, v*) if and only if u> v. Define 

Trj = {u= (u, u*) S TTj : Wfe = Ufe, 1 < A; < m}. 

The sets Uj, wj and ttj are directed by >. 

Let $(•) and ^'(■) be functions on J, both taking values in jC{X). When u e wj, 
we define 

rn 

^$(*Au) = ^$(4)(M/(wfc) - ^{uk-i)). 
fe=i 
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The generalized Stieltjes integral and the generalized right Stieltjes integral are 
defined as the following net limits (when they exist) in the strong operator topology 
oiC{X): 



= s-limy^ $(\l>Au) 
I J ^ 

and 



/ = s-lim^ $(*Au), 

J J ^"j 
respectively. 

Our next goal is to study the properties of the generalized Stieltjes integrals. 
Let [a, 6] be a segment in R and BV (\a,\)\^ L{X)) denote the space of functions 
of bounded variation mapping [a, 6] into L{X) with the norm 

|||F||| = ||i^(6)||+var(F,[a,6]). 

Let A''By([a, 6], £(X)) be the subspace of Sy([a, 6],£(X)) consisting of functions 
continuous on the left on (a, 6] . 

The following lemma on integrability of operator- valued functions of bounded 
variation can bo proved similar to the integrability of scalar-valued functions of 

bounded variation ([5]). 

Lemma 3.1. Lei $(•) G By([a, 6], *(•) e NBV{\a,h\ll{X)), and £{■) be 

a spectral family concentrated on the segment [a, b]. Then /j^ ^ ^d£ and /j^ ^ ^d£ 
exist in the strong sense. 

We will need the properties of Stieltjes integrals stated in the lemma below. 

Lemma 3.2. The following assertions hold. 



f 



(1) if ^ = const, then $ is (right) Stieltjes-integrable and 

rir) 

^d£x = ^x, for X G X; 

[a,b] 

(2) the sum of two (right) Stieltjes-integrable functions $ and ^ is (right) 
Stieltjes-integrable and 

fir) rir) Ar) 

/ ($ + ^)d£x = / <i>d£x + / a;, for x G X. 

Jla,b] Jla,b] Jla,b] 

(3) if ^ is (right) Stieltjes-integrable over [a,b] and [b,c], then it is (right) 
Stieltjes-integrable over [a, c] and 

fir) fir) Ar) 

I ^d£x + I ^d£x = I ^d£x, for x G X. 

J[a,b] J[b,c] J[a,c] 

(4) If ^ is (right) Stieltjes-integrable over [a,b] and [a,c], b < c, then $ is 
(right) Stieltjes-integrable over [b,c] and 

fir) fir) fir) 

/ M£x = / M£x - / <^d£x, for x G X. 

J[b,c] J[a,c] J[a,b] 

(5) if ^ is (right) Stieltjes-integrable in the strong sense over [a,b], then it 
is (right) Stieltjes-integrable in the strong sense over a smaller interval 
[c,d\ C [a,b]. 
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Proof. Properties (l)-(4) are straightforward. To prove (5), notice that 

fir) r(r) Ar) p{r) 

£{c) / ^d£x= / ^d£x, £{d) / ^d£x = / ^d£x. 

J\a,b] J\a,c] J[a,b] J [a,d] 

Applying (4) proves the integrability of $ over [c, d\ . □ 
The following change of variables under Stieltjes integral can be checked directly. 

Lemma 3.3. Let £{■) be a spectral family concentrated on the segment [a,b], f a 

strictly increasing continuous function on [a,b], g : [f{a),f{b)] [n,h] the inverse 
of f and $ : [/(o),/(6)] — > C{X) a (right) Stieltjes-integrable function. Then 



I, for A > fib), 

£{g{X)), forXe[f{a),f{b)], 
0, for X < f{a) 



is a spectral family and 

[ ^fiX))d£{X)x = / <i>{fi)dTin)x, for x £ X, 

J[a.h\ J[f(a)J{b)] 

where the integrals are the (right) Stieltjes integrals. 

We conclude this section with a definition of the (right) Stieltjes integral of an 
operator-valued function over the real line in the principal value sense. 

Let $ and ^ be functions on M, both taking values in C{X). If a fimction $(•) is 
(right) Stieltjes-integrable on any segment in R, then by its (right) Stieltjes integral 
on M we mean the limit 

fir) 

s-lim / $(A)d*(A) 

if it exists. 

4. Main results 

In this section, we state and prove our principal results on connection between 

the Ricmann-Sticltjcs integrability with respect to the spectral families £i{-) (to 
be precise, the spectral family £i{X) = £i{2ttX), A G [0, 1]) and £{■) referred to in 
Section 1. 

Hypothesis 4.1. (1) Assume that £i{-) is a spectral family supported on [0, 1] 
and £{■) the spectral family given by 

[X]-l 

(4.1) £{X) = Pn + P[xM>^ - [A]), A G R, 

n=— OO 

where {Pn}^_oo ^ sequence of hounded projections on X with PmPn = 
for n, such that 

oo oo 

(4.2) x = Yl ^-"^ + Yl xGX. 

n—l n— 

Assume, in addition, that $ is the periodic extension of : [0, 1] ^{X) 
defined by 
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(4.3) $(A) = 4>i(A-n), Ae(n,n+1]. 

(2) Suppose that either $i is left strongly continuous at 1 or £i{0) = 0. 

(3) Assume that $i(0) = $i(l). 

Note that the assumption 5i(0) = in Hypothesis 4.1 (2) is not ad hoc. For 
example, if X is a reflexive Banach space and £i (•) is a spectral family of an operator 
i?i in C{X) (see (2.1)), then £i{0) = s-lim„^oo ^ J2k=o -^i projection onto 

the kernel of Ri - I ([3], Theorem 3.1 and [5], Theorem 20.23). Hence £i{0) = 
whenever Ri is either a strict contraction on X or in case X = Lp{Q,, /x), 1 < p < oo, 
Ri is generated by an ergodic transformation T on a finite measure space {il, fi). 

Theorem 4.1. Under Hypothesis 4-1, is integrable with respect to £i{-) if and 
only if ^ is integrable with respect to £{■)■ Moreover, 

[ ^i{X)d£i{X)x + ^i{l)£i{0)x = lim / <^{X)d£{X)x. 

J [0,1] "^°°i[-a,a] 

Proof. First, we prove the necessity. On the strength of Lemma 3.3, 
/ <Pi{X)d£i{X)x = / <^i{X-n)d£i{X-n)x. 

J[0,1] J[n,n+1] 

It is straightforward to check that for n € Z, t G M, 
(4.4) 

/ <^i{X-n)d£i{X-n)PnX + ^i{l)Pn+i£i{0)x= [ ^i{X - n)d£{X)x. 

J[n,n+1] J[n,n+1] 

Applying (4.2) and Theorem 2.3 (3) yields 

(4.5) / ^i{X)d£i{X)x = / ^i{X)d£i{X)PnX. 

A0,1] n=-oo-^[0.11 

Further, by (4.4), Theorem 2.3 (3) and (4.2), 

oo . oo „ 

/ ^i{X)d£i{X)PnX = Y / <S>i{X-n)d£i{X-n)PnX 

oo ^ oo 

(4.6) = MX-n)d£{X)x- Y '^i{^)Pn+i£i{0)x 

oo ^ 

= Y ^i{X-n)d£{X)x-^i{l)£i{0)x. 

In view of (4.3), assumption (2) in Hypothesis 4.1 and (4.6), the equalities 
<!>i{X)d£i{X)x + $i(l)fi(0)x 



'[0,1] 

(4.7) = Y f <^>{X)d£{X)x = s-lim / ^{X)£{X)x 
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hold. It follows from the convergence of the series Yl^=-oo I[n n+i] ^Wd£{X)x that 
(4.8) lim / ^X)d£{X)x = 0, for x e X. 

J[n,«+ll 



[n,n+l] 

The uniform boundedness of £{■) and (4.8) yield 



lim / ^X)d£{X)x = lim £{a) [ $(A)rf5(A)a; = 0. 

Thus, limQ_>oo /[g o] ^Wd£{X)x exists. Similarly, limo^oo /[.^ gj ^(A)^^ (A)a; exists. 
Applying (4.7), one obtains 



$i(A)(ifi(A)x + $i(l)£i(0)x = lim / ^{X)d£iX)x. 

[0,1] °^°°J[-a,a] 

SufHciency can be proved quite similar to necessity. It can be checked by direct 
computations that (4.4) holds for the functions $i and By Lemma 3.3, (4.4), 
(4.3) and assumption (2) in Hypothesis 4.1, 

(4.9) / $i(A)d^i(A)P„x= / $(A)df(A)x-$i(l)P„+ifi(0)x. 

J[0,1] J[n,n+1] 

It follows from the intcgrability of $ that 

y / ^{X)d£{X)x= lim / <^{X)d£{X)x 

converges and hence, by (4.6) and (4.9), the series X^J^_oc /[o i] ^i(A)(ifi(A)P„x 
converges and equals I]^-oo /[n,n+i] ^iWd£{X)x - $i(l)fi(0). In view of (4.2) 
and Theorem 2.3 (3), the latter implies the integrabihty of c&i with respect to £i{X). 
Moreover, 

/ $i(A)cifi(A)x + $i(l)fi(0)x = lim / ^{X)d£{X)x. 

J [0,1] °^°°J[-a,a] 

□ 

As it stated in the theorem below, if one deals with right Stieltjes integrals 
instead of Stieltjes integrals in Theorem 4.1, then the statement of Theorem 4.1 
holds under less restrictive assumptions. 

Theorem 4.2. Under assumption (1) in Hypothesis 4-1, the right Stieltjes integral 
o/$i luith respect to £i{-) is well-defined if and only if the right Stieltjes integral of 
$ with respect to £{•) is well-defined. Moreover, 

$i(A)d£:i(A)a; + $i(l)fi(0)a;= lim / ^X)d£{X)x. 

[0,1] "^°°i[-a,a] 

Proof. One can check that for n G Z, t e R, 
/ <^i{X - n)d£i{X - n)PnX + <^i{l)Pn+i£i{0)x = / <^i{X - n)d£{X)x. 

J[n,n-\-l] J[n,n-\-l] 

The rest of the proof is similar to that in Theorem 4.1. □ 
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Our next results concern applications of the Stieltjes integration approach de- 
veloped above to strongly continuous one-parameter representations on Banach 
spaces. 

Hypothesis 4.2. Assume that t Rt is a strongly continuous representation ofM. 
on X by trigonometrically well-bounded operators. Let £i{-) be the spectral family 
associated with Ri via (2.2), {Pn}'^=-oci spectral sequence introduced in Remark 
2.5 and £{■) the spectral family associated with t ^ Rt via the Generalized Stone 
Theorem 2.3. Finally, assume that an operator V in the centralizer C{R) admits 
representation 

(4.10) Vx= [ ^i{X)d£i{X)x, for X G X, 

J [0,1] 

where $i : [0,1] ^ C{R). 

Notice that under Hypothesis 4.2 the element V can always be represented 
as the integral of some $i : [0,1] C{R) with respect to ^i(-) in the strong 
operator topology. For instance, any V in C{R) admits trivial representation 
Vx = ^Vd£i{X]x. Moreover, in some cases, a constant integrand in (4.10) 

is basically the only one possible. For example, the spectral family £i (A) for a peri- 
odic representation (with Ri = I) is concentrated at (that is, £i{X) = 0, for A < 0, 
and £i{X) = I, for A > 0) and hence for any integrable function : [0, 1] C{R), 
one has Jj^ '^{X)d£i{X) = 'I'(O). Thus, the integrands <I>i in (4.10) corresponding 
to V e C{R) satisfy $1(0) = V and the values $i(A), A / 0, do not affect the 
integrals in (4.10). 

In the corollary below, wo show that an operator V under Hypothesis 4.2 pos- 
sesses an integral representation with respect to the spectral family oi t Rt, 
where the integrand reduces all the subspaces P„X, n G Z. 

Corollary 4.3. Under Hypothesis 4-2, V can be represented as the generalized right 
Stieltjes integral 

(4.11) V = s-lim / <^{X)d£{X), 

o^oo J[-a,a] 

with the integrand $ : M — > C{R) satisfying 

$(A) = $(A)P„ = F„$i(A - n), A G (n,n + 1]. 
Proof By (4.2) and Theorem 2.3 (3), 

00 00 

VX= Yl PnVx= PnVPnX 
n=—oo n=—oo 

and hence 

Vx= V P„ / $i(A)d£i(A)P„a;= V / P„$i(A)d£i(A)P„a;. 

„=_<^ ^[0,1] „=_^7[0,l] 

The rest of the proof is a slight modification of the one of Theorem 4.2. □ 

We remark here that, in general, not every V in C{R) can be represented as 
an integral of a scalar- valued function. For instance, let X = LP(T^), 1 < p < 
00, where is a two-dimensional torus, and Rt the translation in first variable 
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corresponding to e**. The spectral sequence {Pn}^=-oo of ^ periodic representation 
t ^ Rt decomposes X into disjoint subspaces 

PnX = span{ fn,m{t,T) = e*"*e'™^ : m e Z}, n e Z. 

Let y be a non-trivial translation in second variable. Clearly, V commutes with 
t ^ Rt- It can be checked directly that V is not representablc in the form 

X]n=-oo '^('^)-^"' 'where is a scalar-valued function on R since the subspaces 
PnX, n € Z, are infinite-dimensional. 

For a periodic representation or a representation with fi(0) = 0, Corollary 4.3 
admits the following refinement. 

Corollary 4.4. Assume Hypothesis 4-2- Assume, in addition, that either t ^ Rt 
is periodic or fi(0) = 0. Suppose that for some subspace Y of X, 

oc 

(4.12) <^i{X)x = 4>n{\)PnX, forxeY, Xe R, 

n=—oo 

where (j)n, n €Z, are scalar-valued functions. Then V admits right Stieltjes integral 
representation 

(4.13) V = s-lim / (j>(X)d£(X), 

with the integrand </> ; R — > R satisfying 

(4.14) (/)(A) =0„(A-n), Xe{n,n+1]. 

Proof. On the strength of Corollary 4.3, one has 

(4.15) V = s-lim / ^{X)dS{X), 
with 

(4.16) *(A) = P„$i(A - n) = (j)n{X - n)Pn, for A e (n,n+ 1]. 

Substitution of (4.16) into (4.15) and subsequent simple computations yield repre- 
sentation (4.13). □ 

Clearly, any $i : [0,1] C{R), admits representation (4.12) with Y = X 

whenever the subspaces PnX, n G Z, are one-dimensional. The example below 
demonstrates that representation (4.12) can hold for the integrands of all V G C(i?) 
with Y dense in X even if the subspaces PnX, n e Z, are infinite-dimensional. 

Example 4.5. Let X = LP{R), 1 < p < oo, and Rt be the translation correspond- 
ing to t, that is, {Rix){s) = x{s + t), x e X, t, s G R. The generator A oi t ^ Ri 
multipliers the Fourier transform of a function by an independent variable and the 
spectral family £{■) of t ^ Rt is a family of Fourier multipliers ([2], Example (ii)): 

£{X)x = x(-oo,x)x, AeR. 

As it follows from the proof of Theorem 20.26 in [5], the operator Ai with i?i = e*"*^ 
and the spectrum contained in [0, 27r] satisfies 

{Mx)iT) = (r - 27rn)x(r), r e [27rn, 27r(n + 1)), 
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and the spectral family £i{-) of i?i is given by 

'O, A<0, 



(£i(A)x)( 



X{e-:0<s<A}(e'^)^(T), < A < 277, 

I, A > 2iT. 



The generator B of the periodic representation t — > RfC equals A — Ai and 
hence according to Theorem 2.3 (2), P„.x = Yr . ax. By the standard 

° V »1. '^[27rn,27r(n+l)j 

argument, one obtains that an operator V in C{R) reduced on P„X n L^(IR) acts 
as a multiplier by some essentially bounded function (/)„ and hence 

Vx= ( s- V 0„ (A)P„ ) 1 (A)x, for X G X n (R) . 



Applying Corollary 4.4 and the inverse Fourier transform implies that V in C{R) 
can be represented as 

Vx = lim / <j){X)d£{X)x, for x G X n ^^(M), 

where 

(^(A) = 0„(A - n), A G (n, n + 1]. 
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